Abstract-We report on a hybrid optoelectronic integrated circuit based on a resonant tunnelling diode driving an optical communications laser diode. This circuit can act as a voltage controlled oscillator with optical and electrical outputs. We show that the oscillator operation can be described by Liénard's equation, a second order nonlinear differential equation, which is a generalization of the Van der Pol equation. This treatment gives considerable insight into the potential of a monolithic version of the circuit for optical communication functions including clock recovery and chaotic source applications.
R
ECENT work on Opto Electronic Integrated Circuits (OEICs) has shown that it is possible to monolithically integrate a resonant tunnelling diode (RTD) with an optical waveguide electroabsorption modulator (RTD-EAM) [1] and a RTD with a laser diode (RTD-LD) [2] . Crucially the RTD introduces negative differential resistance (NDR) into the electrical characteristics of the RTD-EAM and the RTD-LD.
In this paper we present a hybrid integrated RTD-LD circuit (the RTD-LD HIC) operating as an optoelectronic voltage controlled oscillator (VCO). RTD based VCOs have exhibited oscillation frequencies up to 470 GHz [3] , however because of the physical layout of the RTD-LD HIC we are restricted to relatively low frequencies ( GHz). With monolithically integrated circuits much higher frequency operation will be obtainable and the insights achieved with the hybrid circuit will be applicable at data rates more appropriate for current and future optical communication systems.
Simple circuits that include NDR components are generally described by the Van der Pol and Duffing equations [4] - [6] , [3] . Considerable insight into the behaviour of NDR based circuits has been achieved using the Van der Pol equation, originally formulated in the 1920s to describe oscillator circuits for radio systems that include NDR components [7] . The Van der Pol equation is a nonlinear second order differential equation and is an early example of a type of nonlinear differential equation that forms the foundation of chaos theory for dynamical systems. These equations have applications in many areas, they have been studied extensively and there exists a large body of literature on this topic-for review see [8] . However, we found that Van der Pol approach to our circuit does not allow a detailed description of the RTD-LD HIC voltage dependent current and hence the current flowing in the circuit. Here, we show that when a deeper insight is needed a more general approach based on the Liénard equation is necessary. The Liénard equation [9] , which contains the special cases of the Van der Pol and Duffing equations, is used because it allows a more accurate description of the current versus voltage -characteristic of the RTD based RTD-LD HIC. We also show for the first time how the theory of nonlinear differential equations can be applied to a driver circuit for an optical communications semiconductor laser. We anticipate that this circuit will lead to new applications in optical communications including clock recovery from oscillator entrainment, clock division and data encryption using synchronized chaotic behaviour. The paper is organized as follows. The next section describes the circuit and the circuit components, the electrical equivalent circuit and the operating principle. In Section III, the theory of the RTD-LD HIC is presented with the corresponding numerical equations that describe the electrical and the optical behaviour. Section IV describes the experimental results in the electrical and optical domains and the comparison with the numerical predictions. Section V is devoted to the conclusions.
II. CIRCUIT DESCRIPTION AND OPERATING PRINCIPLE
The physical layout of the RTD-LD HIC is shown in Fig. 1 . The laser diode and the RTD are connected in series using a printed circuit board (PCB). A shunt capacitor ( F) was placed physically close to the RTD so that the performance of the circuit is not influenced by the dc biasing circuit, acting as a short circuit for the RF signals generated by the RTD-LD HIC.
The electrical circuit schematic of the RTD-LD HIC is illustrated in Fig. 2 , where the dc biasing circuit is represented by a dc voltage source in series with a resistance and a inductance . The inductance represents the overall inductance due to the microstrip line and the bond wire connections;
0018-9197/$25.00 © 2008 IEEE Fig. 1 . Representation of the electrical connections on the PCB. The estimated inductance due to the microstrip line and bond wire connections from the PCB to the RTD and from the RTD to the laser is 8 nH. accounts for the impedance of the measuring instruments, 50 in this case.
The laser diode was a commercial prototype device of the ridge waveguide design and was supplied by Compound Semiconductor Technologies Global Ltd. The laser was designed for continuous-wave (CW) room temperature operation and had an emission wavelength of 1550 nm, a bandwidth of 20 GHz and a threshold current of 6 mA. Fig. 3 shows the laser diode experimental -characteristic. When operated above the threshold, the laser can be modeled using an ideal diode in series with a voltage source and a current-limiting resistor . From Fig. 3 we obtain V and . The RTD component of the RTD-LD HIC was fabricated from RTD epi-material that was originally used in the work described in [1] . The InGaAlAs RTD structure was grown by molecular beam epitaxy in a Varian Gen II system on a InP substrate. It essentially consisted of two 2-nm-thick AlAs barriers separated by a 6-nm-wide InGaAs quantum well. A -doped InGaAs cap layer was provided for formation of Au-Ge-Ni ohmic contacts. Ridges were fabricated by wet-etching after which ohmic contacts were deposited on top of the ridges. A SiO layer was then deposited, and access contact windows were etched on the ridge electrodes allowing contact to be made to high frequency bonding pads (coplanar waveguide transmission lines). The experimental RTDcharacteristic is shown in Fig. 4 and fitted using the physics based description of the RTD given by [10] (1) where and using the fitting parameters , and K; and are the electric charge and the Boltzmann constant, respectively.
The RTD-LD HIC was biased using a variable DC voltage supply producing self-sustained oscillations when biased in the NDR region. The oscillation frequency was controlled either by altering the inductance, , which corresponds to a change in distance between the shunt capacitor and the RTD, Fig. 2 , or by adjusting the bias point. From the RF output (Fig. 1) , oscillations were observed in the time domain using a high bandwidth Tektronix sampling oscilloscope and in the frequency domain using a Hewlett Packard 8564E 40 GHz spectrum analyzer. The current through the RTD-LD branch of the circuit acts to drive the laser diode, and its optical output oscillates with the same periodicity as the circuit oscillations. The optical signal was coupled from the laser diode into a lensed fibre connected to a 45 GHz bandwidth New Focus detector, the electrical output of which was observed in the frequency and time domain as for the RF circuit output.
III. THEORY AND NUMERICAL MODEL
For purposes of analysis and simulation, the circuit presented in Fig. 2 can be reduced to the circuit of Fig. 5 , because the shunt capacitor acts as a short circuit at the frequencies under consideration. In Fig. 5 the laser diode was replaced by a voltage drop and a series resistance (see Fig. 3 ), which is already included in the and circuit parameters. The RTD is represented by the voltage dependent current source is the RTD capacitance, is the equivalent resistance of the RTD and LD, measuring instruments and connection wires, and is the overall inductance due to the bond wires and microstrip.
Using Kirchhoff's rules the lumped circuit of Fig. 5 can be described by the following differential equations:
where and is the dc bias voltage, is the current through and , and is the voltage across the RTD.
In NDR oscillator circuit models the voltage dependent current of the NDR component is usually represented by a third order polynomial function . The substitution of in the equations above gives, after some algebraic manipulation, the normalized Van der Pol equation [5] (4) where parameter describes the nonlinear damping of the oscillator.
However, we found that a third order polynomial description was too restrictive to allow an accurate fitting of our experimental RTD -characteristic (Fig. 3) , and so we adopted the more general representation given by (1), [10] . The substitution of
given by (1) shows, after algebraic manipulation, that the time-dependent voltage across the RTD, , is then governed by the following second-order differential equation: (5) where (6) (7) Equation (5) is known as a kind of Liénard's oscillator [9] , where is the damping factor and is the nonlinear force. This equation can be written in the more general form of the Liénard's oscillator nonlinear second order differential equation (8) The solutions to this equation and the conditions on and have been discussed previously (see for example [9] ). The Van der Pol equation, (4) is a particular form of the Liénard's equation with and , where describes the nonlinear damping of the oscillator.
Numerically solving (5) gives through (2) the current through the laser, which is used to study the laser dynamics. The laser diode optical output can then be modeled using the laser diode single mode rate equations for the electron density and the photon density [11] (9) (10) where is the current through the laser given by Liénard's model, is the electron charge, is the active region volume, and are the spontaneous electron and photon lifetime, is the spontaneous emission factor, is the gain coefficient, is the minimum electron density required to obtain a positive gain and is the value for the nonlinear gain compression factor.
In next section we show how the electrical operation of the RTD-LD HIC can be analysed as a Liénard oscillator. Equation (5) is solved numerically using standard software packages such as Mathematica [12] , and the modeling results are compared with the RTD-LD HIC experimental data. The laser optical output experimental data is fitted with the calculated light intensity as a function of the injection current using the coupled rate equations (9) and (10).
IV. EXPERIMENTAL RESULTS AND COMPARISON WITH THE NUMERICAL MODEL
We now go on present the results and modeling from the RTD-LD HIC. Additionally, we describe recently obtained results from a low inductance version of the RTD-LD HIC designed for higher frequency operation. Fig. 6 shows a typical experimental self-sustained oscillation in the the voltage at the circuit RF output when the bias point was 1.8 V; the oscillation fundamental frequency is 560 MHz. For comparison in the same figure is also shown the voltage signal given by Liénard's model (5) . The global circuit parameters used in the simulation are nH, pF, and V. The photo-detected signal, corresponding to the laser optical output, is shown in Fig. 7 together with the result obtained using (9) and (10) . The laser dynamics are modeled employing typical parameters of semiconductor laser diodes [11] , [13] , with small adjustments to fit with experimental results cm ns, ps, cm cm , and cm . As mentioned above, the repetition rate of the laser optical output was the same as the electrical circuit oscillation, clearly demonstrating that the laser diode operation was controlled by the RTD switching characteristics. Fig. 8(a) and (b) show the experimental and modeled spectra (Fourier transform of time domain model) of the RTD-LD HIC electrical and optical outputs for a dc bias of 1.8 V. The RF spectrum of the photo-detector signal indicates that the laser output is modulated by the electrical self-sustained oscillation by an amount greater than 20 dB. The spectra predicted by the Lié-nard's model and the laser dynamics single mode rate equations presented above seem to describe reasonably well the experimental behaviour of the RTD-LD HIC.
As discussed in Section II, the RTD-LD HIC acted as voltage controlled oscillator. Oscillation frequency increased from 350 MHz at a bias of 1.82 V to 398 MHz at a bias of 1.98 V for the circuit in the increased inductance configuration with the shunt capacitor positioned 20 mm along the microstrip from the RTD. For the capacitor positioned 5 mm from the RTD, the oscillation frequency increased from 550 MHz at 1.78 V to 590 MHz at 1.95 V. Fig. 9 shows the tuning curve for the circuit in the higher inductance configuration along with the modeling results. The Liénard's model approach given by (5), based on (1), is in good agreement with the experimental results. Our numerical analysis also shows the Van der Pol model based on the polynomial approximation to the RTD I-V characteristic does not reproduce the experimental tuning characteristic over the full range of frequencies.
We now present the experimental results and modeling from a second RTD-LD HIC, fabricated with the aim of achieving a higher oscillation frequency than that of the original RTD-LD HIC. The original RTD-LD HIC demonstrated increased oscillation frequency with reduced inductance, and to this end bond wire length was reduced to mm (down from mm) using an improved circuit layout. Fig. 10 shows the optical spectra along with the results of modeling. The circuit oscillations have a fundamental frequency of 2.08 GHz and are essentially sinusoidal. The circuit exhibited voltage controlled tuning from 1.82 GHz at 1.73 V to 2.17 GHz at 1.79 V as shown in Fig. 11 . The model was fitted to the RF Spectrum of the optical signal and tuning curve using the following estimated circuit parameters nH, pF and and employing the same laser diode fitting parameters. There was good agreement between model and experiment, demonstrating the validity of the Liénard's model at higher frequencies.
The comparison between the experimental results with the numerical simulation shows that the theory of the Liénard's nonlinear differential equations can be used to model a driver circuit for an optical communications semiconductor laser. Currently underway is a detailed study of the RTD-LD HIC nonlinear behaviour when an external sinusoidal voltage signal is applied. Under these conditions this non-autonomous circuit outputs various optical and electrical signal patterns that include frequency division, quasi-periodic oscillations, and generation of chaotic signals with potentially important applications in optical communication systems. Preliminary simulation shows the circuit non-linear dynamical performance can also be well described using Liénard's theory. 
V. CONCLUSION
A hybrid integrated RTD-LD circuit (the RTD-LD HIC) acting as an oscillator producing both electrical and optical outputs has been built and characterized. The electrical and optical outputs have been measured in both the time and frequency domains. By numerically solving a second order nonlinear differential equation and obtaining a reasonably good fit to the optical and electrical results in both the time and frequency domains we have shown that the operation of the circuit can be described by Liénard's oscillator theory.
The RTD-LD HICs presented here operate at frequencies up to 2.1 GHz. With fully integrated versions we anticipate much higher operating frequencies in the region of 10 Gbits or higher-data rates more appropriate for present day optical communication systems.
The applications of this RTD-LD HIC Liénard's oscillator, or variants based on it, in optical communication systems include for example: 1) operation as a forced oscillator driven by a digital data source; 2) acting as a clock recovery circuit; 3) for direct data encoding using small perturbation signals to control the RTD-LD HIC [14] ; and 4) for communications using chaotic waveforms [15] - [17] .
